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Quantum discord plays a pragmatic role in analyzing nonclassical feature of quantum correlations
beyond entanglement. It is used in several information processing protocols which lacks sufficient
amount of entanglement to be used as a resource. We have provided with an analytical method of
detecting quantum discord of an arbitrary two qubit state. We have formulated a set of necessary
and sufficient conditions for any two qubit state to be a both-way non-zero quantum discord state.
As quantum discord is asymmetric in nature, we have framed the set of if and only if conditions
for a two qubit state to be classical-quantum as well for it to be quantum-classical. Interestingly, not
only correlation tensor but also local Bloch vector(corresponding to the classical party) plays a role
for detecting the state to be a positive discord state.
I. INTRODUCTION
The departure of quantum mechanics from clas-
sical world is guaranteed via non-classical nature of
quantum correlations. Quantum entanglement is con-
sidered as the key ingredient in manifesting the devi-
ation observed in behavior of quantum systems from
their classical counterparts[1]. However recent trend
of research activities has pointed out non-classicality
of unentangled quantum systems[2] thereby ensur-
ing a finer line of demarcation between classical and
quantum world. In broader sense, our present topic of
discussion will be contributory in the direction of ana-
lyzing non-classicality beyond quantum entanglement.
Speaking of non-classicality beyond entanglement, dis-
covery of quantum discord may be attributed to
provide a breakthrough in manifesting nonclassical cor-
relations from separable states. The idea of quantum
discord[3] is basically motivated by the existing differ-
ence between two classically equivalent definitions of
mutual information if the scenario involved is quantum
in nature. Further illustrations regarding quantum dis-
cord will be discussed in Sec.II.
Till date, various features of quantum discord have
come to the forefront via multi-faceted exploration in
this direction. For instance, if a pure bipartite state
is considered, discord becomes equivalent to von Neu-
mann entropy[4]. For some unentangled states discord
turns out to be non zero. Besides, not only has quantum
discord been computed in diverse situations[2, 5, 6],
thereby introducing various measures and other allied
concepts, but also has been extended beyond two party
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and higher dimensional quantum systems[7].
As has already been mentioned that not all separable
states have non zero discord. This in turn opens up
the area of exploring possible ways of characterizing
a separable quantum state having non vanishing dis-
cord. In this context, formulation of a set of neces-
sary and sufficient criteria detecting positive discord of
a quantum state is required for providing a simplified
way of checking utility of a known quantum state in
any protocol demanding non zero discord which is oth-
erwise hard to compute due to involvement of optimiza-
tion over strategy of measurements. However, till date,
there exist only some sufficient detection criteria[8, 9],
idea of geometric discord[7] and an algorithm involving
numerical optimization to detect quantum discord[10].
We have provided with an alternate characterization of
a generalized two qubit quantum system to possess non
zero discord(both-way). To be specific, we have algeb-
raically formulated a set of necessary and sufficient cri-
teria characterized by party independence(hence both-
way) restricting parameters of a two qubit quantum
state to have non zero discord under the usual assump-
tion that the classical party performs projective meas-
urements.
Extensive research works reveal the scope of utiliz-
ing quantumness(of physical quantum systems) bey-
ond entanglement in various practical tasks[2, 11–
13]. Recent development in field of quantum inform-
ation theory reveals existence of various practical scen-
arios involving nonclassical correlations from separable
states[14]. Some of such practical tasks are distrib-
uted algorithms and restricted quantum gates[15], de-
terministic quantum computation with one qubit(DQC1
model)[2], quantum metrology protocols involving
noisy states[16], quantum enhancement protocol[17],
multi-faceted application in many body physics such
as tasks related to quantum phase transitions[18, 19],
study of temperature, etc. However there also exist
2some practical scenarios such as local broadcasting[20],
state merging[21, 22], etc where classical correlations
turn out to be more efficient which in turn points out
the fact that entanglement though necessary(for some
advantage), may not be sufficient[23]. In these experi-
mental scenarios, quantum discord plays a significant
role. Besides, it is also useful in manifesting role of
quantum correlations in various phenomena such as
superselection[24, 25], Maxwell’s demons[26], dynam-
ics related to open quantum systems such as classicaliz-
ation of quantum walks[27], mutual synchronization of
dissipative quantum harmonic oscillators[28], etc.
The importance of quantum discord from both theor-
etical and experimental perspectives provides the basic
motivation of our present work. Formulation of a set of
necessary and sufficient criteria detecting positive dis-
cord of a quantum state turns out to be interesting not
only for the sake of enriching the study of quantum
discord but also for providing a direct way of checking
utility of a known quantum state in any protocol de-
manding non zero discord(of state involved) which is
otherwise hard to compute due involvement of optim-
ization over strategy of measurements.
Rest of our discussion is organized as follows. First we
briefly review the mathematical pre-requisites in Sec.II.
In Sec.III we formulate the necessary and sufficient cri-
teria for non zero discord followed by discussion on
practical implications of those in Sec.IV. We finally con-
clude in Sec.V together with some discussion on poten-
tial future research directions.
II. PRELIMINARIES
A. Bloch Vector Representation
Any two qubit state ρAB shared between two
parties(A, B) can be represented as:
ρAB =
1
4
(I2×2 + ~m.~σ⊗ I2 + I2 ⊗~n.~σ+
3
∑
i1,i2=1
ti1i2σi1 ⊗ σi2 )
(1)
where ~σ=(σ1, σ2, σ3), σik are the Pauli operators
along three perpendicular directions(ik=1, 2, 3).
~m=(m1,m2,m3) and ~n=(n1, n2, n3) denote the local
Bloch vectors(~m,~n∈R3) of party A and B respect-
ively and (ti,j)3×3 denotes the correlation tensor T
which is a real matrix. The components ti1i2 are
given by ti1i2=Tr[ρAB σi1 ⊗ σi2]. Considering each
row αi(i=1, 2, 3) of T as a row vector ~αi, let us define
|~αi|=
√
t2i1+ t
2
i2 + t
2
i3. Similarly considering each column
βi(i=1, 2, 3) of T as a column vector ~βi =(t1i, t2i, t3i), let
us define |~βi|=
√
t21i + t
2
2i + t
2
3i.
B. Quantum Discord
Ollivier and Zurek[3] introduced the concept of
Quantum Discord as a measure of genuine quantum cor-
relation. Total correlation, i.e., the total amount of clas-
sical and quantum correlations of a bipartite state ρAB
is given by its quantum mutual information
I(A : B) = S(A) + S(B)− S(AB). (2)
where S(X)=−Tr(ρX log2 ρX) is the Von Neumann en-
tropy of a state ρX of the system X. Whereas, its clas-
sical correlation is captured by:
J(B/A) = max
{~wa}
[S(B)− S(B|{Πaj })] (3)
Here, maximum is taken over all possible directions
~wa(unit vector) of complete set (j=0, 1 for qubit systems)
of orthogonal projections {Πaj }j on Alice’s(A) subsys-
tem: Πaj=
1
2 (I2 + (−1)j~wa.~σ) with j=0, 1 corresponding
to two outputs of A’s orthogonal projection along ~wa.
S(B|{Πaj })=∑j PjS(ρb|j) with ρb|j(j=0, 1) denoting condi-
tional states of Bob(B) based on A obtaining output
j and Pj is the probability of A obtaining output j
while projecting along ~wa, Pj=Tr[(Π
a
j ⊗ I2).ρAB](j=0, 1).
Quantum discord [3] of bipartite state ρAB is defined as
the difference between its total correlation and classical
correlation:
D(B/A) = I(A : B)− J(B/A). (4)
In general, quantum discord is asymmetric in nature,
i.e., D(B/A) 6= D(A/B).
For a bipartite state ρAB, D(B/A)(Eq.(4)) is zero if and
only if there exists a complete set of rank-one orthonor-
mal projectors {Πaj }j such that:
ρAB =
1
∑
j=0
PjΠ
a
j ⊗ ρb|j (5)
These states(Eq.(5)) are usually known as classical-
quantum states: classical with respect to subsystem A
and quantum with respect to subsystem B. Similarly,
D(A/B) is zero if and only if ρAB is a quantum-classical
state (i.e., quantum with respect to system A and clas-
sical with respect to system B):
ρAB =
1
∑
j=0
Qjρ
a
|j ⊗ Πbj (6)
where the notations are analogously defined exchan-
ging roles of parties A and B.
For remaining part of our analysis we will refer to
D(A/B) and D(B/A) as one-way discord. ρAB will
be referred to as a positive discord(both-way) state if
D(B/A) and D(A/B) both turn out to be positive for
ρAB.
3C. Entanglement of Formation
Entanglement of formation[1] quantifies the minimal
possible average entanglement over all pure state de-
composition of a bipartite state ρAB
EF(A : B) = min{(pi,|ψi〉AB):ρAB=∑i pi|ψ〉AB〈ψ|}
∑
i
piE(|ψi〉AB)
(7)
Entanglement of formation of a two qubit mixed state
ρAB is defined as
EF(A : B) = H(C(ρAB)) (8)
where C(ρAB)=max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4},
λi’s are the eigenvalues, in decreasing or-
der, of the Hermitian matrix ρABρ˜AB and
ρ˜AB=σ2 ⊗ σ2ρABσ2 ⊗ σ2. σ2 is the Pauli matrix
and H(x)=−x log2 x− (1− x) log2(1− x), x ∈ [0, 1].
D. X states
This class of two qubit states[29] is given by:
χ = x1|00〉〈00|+ x2|01〉〈01|+ x3|10〉〈10|+ x4|11〉〈11|
y1|00〉〈11|+ y∗1 |11〉〈00|+ y2|01〉〈10|+ y∗2 |10〉〈01|, (9)
where x1 + x2 + x3 + x4=1. Non-negativity demands
|y1|2 ≤ x1x4 and |y2|2 ≤ x2x3. This family of states, be-
ing well known for their utility in various experimental
scenarios[30], includes Bell diagonal states and hence
also Werner state[31]. X states are also studied in con-
densed matter systems and in various other fields of
quantum mechanics. We now discuss the results in the
next section.
III. NECESSARY AND SUFFICIENT CRITERIA FOR
BOTH-WAY POSITIVE DISCORD
For our purpose we have considered the following
well-known fact(exploiting relation between discord
and existence of hybrid forms of classical and quantum
states[3]) that for a bipartite state ρAB, D(B/A)(Eq.(4))
is zero if and only it is a classical-quantum state(Eq.(5)).
Theorem.1: Discord D(B/A)=0 if and only if correlation
tensor T of ρAB is either a (i) null matrix or (ii) of rank
one together with the local Bloch vector ~m satisfying
one of the following criteria:
1. If T has two zero rows say ~αi=~αj=Θ, then either
mk=0 or mi=mj=0.
2. If T has one zero row say~αi=Θ and~αj,~αk identical
up to multiplicity, i.e.,~αj=p~αk then either mj=pmk
or pmj=−mk.
3. If T has all three rows identical up to multipli-
city, i.e., ~α1=p12~α2, ~α1=p13~α3 then ~m must sat-
isfy p13(p12m1 + m2) + p12m3=0 or m1 : m2 :
m3=p13p12 : p13 : p12,
where Θ=(0, 0, 0) and i, j, k ∈ {1, 2, 3} together with
i 6= j 6= k.
Proof: See Appendix.I
Theorem.1 provides with a set of restrictions which if
satisfied by state parameters, D(B/A) of correspond-
ing state ρAB turns out to be zero. Conversely if discord
D(B/A) of ρAB vanishes then correlation tensor(T) and
local Bloch vector(~m) of ρAB must satisfy any one of the
conditions enlisted in the theorem. Now the restrictions
provided by the theorem being a set of necessary and
sufficient conditions for vanishing discord, violation of
that set of criteria acts as if and only if condition for
positive discord(one-way) of ρAB. Hence, D(B/A)>0 if
and only if correlation tensor T of ρAB is either of rank greater
than one or is of rank one together with local Bloch vector ~m
of party A violating all of the conditions((1)-(3)) laid down
in Theorem.1. Interestingly, for D(B/A)>0 restrictions
are imposed on correlation tensor T and local Bloch vec-
tor ~m corresponding to 1st party(A) whereas the other
local Bloch vector ~n corresponding to 2nd party(B) re-
mains unrestricted. ~n becomes restricted if D(A/B) is
considered. In that case however local Bloch vector ~m
becomes unrestricted.
Theorem.2: Discord D(A/B)=0 if and only if T of ρAB is
either a (i)null matrix or (ii)is of rank one together with
the local Bloch vector ~n satisfying one of the following
criteria:
1. If T has two zero columns say ~βi=~β j=Θ, then
either nk=0 or ni=nj=0.
2. If T has one zero column say ~βi=Θ and ~β j,~βk
identical up to multiplicity, i.e., ~β j=s~βk then either
nj=snk or snj=−nk.
3. If T has all three columns identical up to multipli-
city, i.e., ~β1=s13~β2, ~β1=s13~β3 then ~n must satisfy
s13(s12n1 + n2) + s12n3=0 or n1 : n2 : n3=s13s12 :
s13 : s12, with i, j, k ∈ {1, 2, 3} and i 6= j 6= k.
Proof: Similar to that of technique followed in
Theorem.1 with rows of correlation tensor T now
replaced by columns and ~m replaced by ~n.
Arguing similarly as before, it is observed that
D(A/B)>0 if and only if correlation tensor T of ρAB is
either of rank greater than one or is of rank one together
with local Bloch vector ~n of party B violating all of the
conditions((1)-(3)) prescribed in Theorem.2.
Combination of these two theorems directly gives
the necessary and sufficient criteria for both-way positive
discord:
Theorem.3: An arbitrary two qubit state ρAB possesses
4both-way positive quantum discord if and only if
either (i)correlation tensor T of ρAB is a matrix of rank
greater than one or (ii)is of rank one along with local
Bloch vectors ~m and ~n violating criteria specified by
Theorem.1 and Theorem.2 respectively.
Clearly Theorem.3 gives the set of if and only if condi-
tions for a two qubit state to have both D(A/B)>0 and
D(B/A)>0, i.e., to have positive discord independent
of parties. Hence, irrespective of which of the two
parties(sharing two qubits of ρAB) plays the role of the
auxiliary system, ρAB possesses positive discord if and
only if it satisfies Theorem.3.
A. Illustrations
Consider a product state:
ρprod =
1
4
(I2 +~v
a.~σ)⊗ (I2 +~vb.~σ). (10)
Here the local Bloch vectors are ~va=(va1, v
a
2, v
a
3) and
~vb=(vb1, v
b
2, v
b
3) and correlation tensor T has three non
zero rows ~αi=v
a
i (v
b
1, v
b
2, v
b
3)(i=1, 2, 3). Clearly the rows
are identical up to multiplicity. Here p12=
va1
va2
and
p13=
va1
va3
. So va1 : v
a
2 : v
a
3=p13p12 : p13 : p12. Hence
~va satisfies Theorem.1(criterion given by (ii.(3)) and so
D(B/A)=0. Similarly it can be checked that ~vb satisfies
Theorem.2 and hence D(A/B)=0. This in turn points
out that two qubit product state is a both-way discord
zero state.
Next we consider X states(Eq.(9)) with real entries. For
this class of states, correlation tensor is of the form:
T = diag(2(y1+ y2), 2(−y1+ y2), x1 − x2 − x3 + x4),
(11)
and local Bloch vectors are given by:
~m = (0, 0, x1+ x2− x3− x4), ~n = (0, 0, x1− x2+ x3− x4)
(12)
Clearly, correlation tensor(T) of χ is of rank 1 if and
only if any one of the following holds:
a: y1=y2=0
b: |y1|=|y2| and x1 + x4=x2 + x3.
Now for χ to be a classical-quantum state further restric-
tions are imposed on state parameters via the restric-
ted form of local Bloch vector(~m) of party Alice. Con-
sidering all the restrictions simultaneously(prescribed
by Theorem.1), χ becomes a one-way discord non zero
state(D(B/A)>0) if and only if each of the followings
is violated:
1: y1=y2=0
2: |y1|=|y2| and ~X1=~X2 where ~X1=(x1, x2),
~X2=(x3, x4).
Analogously, D(A/B)>0 if and only if χ violates both:
1: y1=y2=0 and
2: |y1|=|y2| and ~Y1=~Y2 where ~Y1=(x1, x3), ~Y2=(x2, x4).
Combination of above two results indicate that χ is a
both-way discord non zero state if and only if both of
the followings are violated:
1: y1=y2=0
2: |y1|=|y2|, ~X1=~X2 where ~X1=(x1, x2), ~X2=(x3, x4)
and ~Y1=~Y2 where ~Y1=(x1, x3), ~Y2=(x2, x4).
B. Comparison with existing criteria
As already mentioned before, in [7], necessary
and sufficient condition for positive quantum discord
D(B/A) was derived for two qudit state where, us-
ing a geometrical approach, the authors designed a
closed form of D(B/A)(see Eq.(16) of [7]) restricting
correlation tensor and local Bloch vector correspond-
ing to first party. As the detection criterion provided
therein depend on geometric measure, it is not con-
sidered equivalent to quantum discord(square root of
twice geometric discord provides an upper bound of
quantum discord for systems of two qubits[10]). In
[10], the authors gave a closed form of quantum dis-
cord(see Eq.(33) of [10]) involving two measurement
angles(to be minimized). As the detection algorithm
involves numerical optimization[10], so cannot be con-
sidered as an analytical detection criterion. In contrast,
the set of necessary and sufficient criteria(Theorem.3)
proposed here is analytic. One may note that a quick
observation of the theorems discussed provides with ex-
plicit forms of classical-quantum(Theorem.1) and also
quantum-classical(Theorem.2) states(see Tables.II,III in
Appendix). So for a problem requiring knowledge of all
possible classical-quantum or quantum-classical states,
our approach and hence the criteria prescribed herein
turn out to be more useful. Also as Theorem.3 gives
the necessary and sufficient criteria for a given state to
be both-way non zero quantum discord state, so if a
state satisfies criteria set by Theorem.3 then definitely
the two classically equivalent definitions of mutual in-
formation are different irrespective of whether first or
second party plays the role of the measurement appar-
atus.
IV. PRACTICAL IMPLICATIONS
Importance of quantum discord in experimental scen-
arios has already been pointed out. In this context, we
5consider two particular protocols.
Quantum State Merging: It is an information theoretic
task where two parties A and B share a mixed quantum
state aiming to merge their parts of the state on one
party’s(say,B’s) side. The task is to be performed in
such way that the purification of their shared state re-
mains intact. For that, A and B need to have access
to additional singlets. It was shown in [21, 22] the
singlet rate required for this is the conditional entropy
S(A/B)=S(AB)− S(B). Interestingly both signatures
of conditional entropy admit operational interpretation.
If S(A/B)>0, state merging is possible with this sing-
let rate and task will not be completed if singlet rate
is less than S(A/B). However, if S(A/B)<0, not only
can A and B merge their parts of the state on B’s side
without any additional singlet rate by using only LOCC,
but also they gain an additional singlet at rate S(A/B)
that can be used for future communication. Clearly if
S(A/B)=0 state merging is possible via LOCC only but
the parties do not gain any e-bit. In [32] Cavalcanti et al.
have shown that
D(A/C) = EF(A : B) + S(A/B) (13)
where the system C purifies the state of A and B.
Notably Eq.(13) restricts discord in a bipartite
subsystem(A,C) with that of entanglement of
formation[1] for subsystem (A, B) and quantum
conditional entropy for the bipartite subsystem (A, B).
Clearly, if a tripartite pure state |ψABC〉 used in the pro-
tocol be such that D(A/C) vanishes and EF(A : B)>0
then S(A/B) is negative which in turn points out
parties A and B can perform state merging via LOCC
with both sender(A) and receiver(B) gaining S(A/B)
amount of potential that can be used for future com-
munication. Let GGHZ state be used in the protocol:
|ψ〉GHZ = cos(ζ)|000〉+ sin(ζ)|111〉, ζ ∈ [0, π4 ]. (14)
For |ψ〉GHZ each of the bipartite subsystems is separ-
able. Hence entanglement of formation in any of the
subsystem is zero. Using Theorem.3, it can be checked
that discord in each of the possible subsystems also
vanishes. This in turn implies that quantum condi-
tional entropy vanishes in each of the bipartite subsys-
tems(Eq.(13)). Hence, in this case, for every possible
distribution of qubits of |ψ〉GHZ between parties, the
sender party need not communicate any information
to the receiver party for state merging but no e−bit is
gained for future use. However e-bit is gained if W state
is considered:
|ψ〉W = cos(ζ1)|001〉+ sin(ζ1) sin(ζ2)|010〉+
sin(ζ1) cos(ζ2)|100〉, ζ1, ζ2 ∈ [0, π
2
]. (15)
There exist states from W family of states, such that
when used in the protocol, S(A/B) becomes negative
implying that parties A and B can perform state mer-
ging with −S(A/B) e−bits left over. For instance con-
sider the state from W family(Eq.(15)) for ζ1=
π
2 , ζ2=
π
4 .
Correlation tensor of the bipartite state(ρAC,say) shared
between A and C is a null matrix and hence D(A/C)=0.
EF(A : B)=1. So this state, if shared between A, B and
C, A and B perform state merging with LOCC with 1
e-bit left over. Now both GGHZ and W are genuine tri-
partite entangled states. If a separable tripartite state
is used instead, then each of the bipartite subsystems
being a product state, is both-way discord zero state.
Hence here for arbitrary arrangements of qubits, there
need not be any communication between sender and
receiver parties for the purpose of state merging but
nothing will be left for future use.
However this is not the case if a biseparable state with
real parameters is used:
|ψ〉bis = (s11|00〉+ s12|11〉)⊗ ( f1|0〉+ f2|1〉), (16)
where s11, s12 are the Schmidt coefficients and
|s11|2 + |s12|2=1, | f1|2 + | f2|2=1. Clearly EF(A : B)=1.
Also correlation tensor and local Bloch vector of party
A for the reduced bipartite state(ρAC,say) satisfy a
criterion specified in Theorem.1. So if this state is used
then state merging is possible for subsystem involving
parties A and B via LOCC only and 1 e-bit remains
unused.
Unilocal Broadcasting: Quantum broadcasting[33] is a
generalization of quantum cloning[34]. This task
mainly deals with copying a set of density operators
using linear operations(unlike unitary operations for
quantum cloning). Piani et al.[35] considered a more
generalized scenario where a multipartite state(ρ,say)
is shared between three parties A, B and C. The main
task in this scenario, referred to as local broadcasting
is to broadcast ρ having access to only local oper-
ations(communication between the parties is not
allowed). Recently, Luo has introduced the task of
unilocal broadcasting[36–38]. This scenario lies in
between quantum and local broadcasting. It has been
shown that in this task any classical-quantum(classical
with respect to the broadcasting, i..e, sender party)
bipartite state is useful and viceversa. Hence, when
first party(A) is the sender(broadcasting party), any
two qubit state ρAB can be used in the protocol if and
only if corresponding state parameters are restricted by
Theorem.1. On the other hand if A is at the receiving
end(i.e., party B broadcasts) then ρAB is useful if
and only if parameters of ρAB abide by restrictions
prescribed in Theorem.2.
As has been already pointed out before that the if
and only if criteria provided in the present work have
multi-faceted utility for practical purposes involving
6quantum states. We have included two such instances.
To be precise, criteria formulated herein may be helpful
to detect utility of any known two qubit bipartite
state(avoiding any further measurement) in an in-
formation processing task that relies upon discord of
state(involved in corresponding protocol).
V. CONCLUSION
Undoubtedly quantum discord plays a pragmatic
role in exploiting quantumness from unentangled
states. However, till date, given an arbitrary two qubit
state, it is not possible analytically to detect whether it
is a non-zero quantum discord state or not. In this let-
ter we have provided an analytic solution to this prob-
lem by formulating a set of criteria(Theorem.3) detect-
ing non vanishing quantum discord characterized by
party symmetry. So given a state, one can now check
whether it is discord non zero or not without subjecting
it to any further measurement.
Traditionally, the classical party involved is assumed to
perform only projective measurements for detecting or
for measuring quantum discord. Recently more gen-
eralized measurements(POVMs)[39, 40] are considered.
Though we have followed the traditional path only, but
our approach(being completely algebraic) can be easily
generalized so as to derive the necessary and sufficient
conditions while considering POVMs.
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VI. APPENDIX
Proof of Theorem.1 Consider the Bloch sphere repres-
entation(Eq.(1)) of an arbitrary two qubit state ρAB. By
applying suitable local unitary operations, state ρ
′
AB can
7be obtained such that:
ρ
′
AB =
1
22
(I2×2 +~a.~σ⊗ I2 + I2 ⊗~b.~σ+
3
∑
i=1
riiσi ⊗ σi), (17)
where correlation tensor matrix(T) has been reduced
to a diagonal matrix R=diag(r11, r22, r33). The elements
rii(i=1, 2, 3) correspond to three eigen values of real
symmetric matrix TtT. As discord remains invariant un-
der local unitary operations, hence if D(B/A)=0 for
ρ
′
AB, then D(B/A) vanishes for ρAB also. So we first
consider ρ
′
AB and simplify the criteria(for vanishing dis-
cord) satisfied by parameters of ρ
′
AB and then derive the
restrictions which in turn will be imposed on paramet-
ers of the original two qubit state ρAB.
Now, as already mentioned in the main text, D(B/A)
vanishes if and only if ρ
′
AB is a classical-quantum
state(Eq.(5)). We will search all such ρ
′
AB for which
there exists ~wa so that ρ
′
AB can be written in form given
by Eq.(5), i.e., ρ
′
AB is a classical-quantum state. Hence
we assume existence of ~wa and explore the restrictions
imposed on state parameters of ρ
′
AB therein. For that,
we compare the coefficients of |ij〉〈kl|(i, j, k, l ∈ {0, 1})
coming from Bloch-sphere representation of ρ
′
AB given
by Eq.(17) and that coming due to ρ
′
AB being con-
sidered as a classical-quantum state(eq.(5)). Clearly,
coefficient of |ij〉〈kl| should be same in both representa-
tions ∀i, j, k, l ∈ {0, 1}. Comparing coefficient of |00〉〈00|
and |01〉〈01| we get respectively:
−a3+ a1wa1wa3+ a2wa2wa3+ r33(−1+(wa3)2)+ (wa3)2a3 = 0.
(18)
and
−a3+ a1wa1wa3+ a2wa2wa3+ r33(1− (wa3)2) + (wa3)2a3 = 0.
(19)
Subtracting Eq.(19) from Eq.(18) we get:
r33(1− (wa3)2) = 0. (20)
Now comparing coefficient of |11〉〈00| and equating
real and imaginary parts we get respectively:
−(wa3)2r11 + r22 − (wa2)2(r11 + r22) = 0 (21)
and
wa1w
a
2(r11 + r22) = 0. (22)
Then comparing coefficient of |10〉〈01| and equating
real and imaginary parts we get respectively:
−(wa3)2r11 − r22 + (wa2)2(−r11 + r22) = 0 (23)
and
wa1w
a
2(r11 − r22) = 0. (24)
Subtracting Eq.(23) from Eq.(21) we get:
r22(1− (wa2)2) = 0. (25)
Adding Eq.(23) to Eq.(21) we get:
r11(1− (wa1)2) = 0. (26)
Again ~wa being a unit vector:
(wa1)
2 + (wa2)
2 + (wa3)
2 = 1 (27)
Simultaneous consideration of eqs.(20,25,26,27) implies
that atleast two of r11, r22 and r33 must be 0.
Hence, without any loss of generality, ~wa exists if and
only if either (i) all rii=0(i=1, 2, 3) or (ii) r11=r22=0 but
r33 6= 0 and (wa3)2=1, i.e., ~wa=(0, 0,±1). We consider
case(i) and (ii) separately.
Case(i): r11=r22=r33=0:
Comparing coefficient of |00〉〈00| we get:
a1w
a
1w
a
3 + a2w
a
2w
a
3 + (−1+ (wa3)2)a3 = 0. (28)
Comparing coefficient of |01〉〈00| and equating real and
imaginary parts we get respectively:
(−1+ (wa1)2)a1 + a3wa1wa3 + a2wa1wa2 = 0 (29)
and
(−1+ (wa2)2)a2 + a3wa2wa3 + a1wa1wa2 = 0 (30)
Eq.(28)×wa2−Eq.(30)×wa3 gives:
a2
wa2
=
a3
wa3
. (31)
Similarly, Eq.(29)×wa2−Eq.(30)×wa1 gives:
a2
wa2
=
a1
wa1
. (32)
Combining last two Eqs(31,32), we get:
wa1
a1
=
wa2
a2
=
wa3
a3
= K(say) (33)
Hence,
wai = Kai, i = 1, 2, 3 (34)
Using Eq.(27), we get K= 1
∑
3
i=1 a
2
i
.
With rii=0(i=1, 2, 3), and ~w
a=K(a1, a2, a3), coefficient
of each of the term |ij〉〈kl|(i, j, k, l ∈ {0, 1}) from Eq.(1)
matches with that from Eq.(5).
∴ For rii=0(i=1, 2, 3), ρ
′
AB is a classical-quantum
state(Eq.(5)) with ~wa=K(a1, a2, a3)where K=± 1√
∑
3
i=1 a
2
i
.
Case(ii): Without loss of any generality, let r11=r22=0
but r33 6= 0 and wa=(0, 0,±1). Following similar pro-
cedure of comparing coefficients, we get that ρ
′
AB is a
classical-quantum state if a1=a2=0.
Discussing the two possible cases,we get in totality that
ρ
′
AB is a classical-quantum state if it is in one of the
forms prescribed in Table.(I).
8State ~wa
1
22
(I2×2 +~a.~σ⊗ I2 + I2 ⊗~b.~σ) ± 1√
∑
3
i=1 a
2
i
(a1, a2, a3)
1
22
(I2×2 + aiσi ⊗ I2 + I2 ⊗~b.~σ+ riiσi ⊗ σi)(i=1, 2, 3) ~wa has wai=±1(i=1, 2, 3) and two other components are 0.
Table I: Possible forms of ρ
′
AB as a classical quantum state(Eq.(5)) with direction along which Alice performs
orthogonal measurements.
Now if possible, let there exist ρ
′
AB such that it does not
corresponds to any of the form prescribed in Table.(I)
but is a classical-quantum state. Hence neither of
Case(i) nor Case(ii) holds. Now ρ
′
AB is a classical-
quantum state implies existence of a suitable unit vector
~wa(along which Alice performs orthogonal projection).
However existence of ~wa demands any one of the two
cases(Case(i), Case(ii)) to hold. So we arrive at a contra-
diction which in turn guarantees that ρ
′
AB is a classical-
quantum state if and only if it is one of the forms enlis-
ted in Table.(I).
Having simplified the criteria to be satisfied by para-
meters of ρ
′
AB, we next analyze the restrictions imposed
on parameters of ρAB via the criteria satisfied by para-
meters of ρ
′
AB. For that we consider the two cases indi-
vidually.
Case(i): rii=0(i=1, 2, 3)
Here R turns out to be a null matrix implying that all
the eigen values of symmetric matrix TtT are 0. Now
sum of all eigen values of TtT is given by ∑3i,j=1 t
2
ij.
Each eigen value being 0, we get ∑3i,j=1 t
2
ij=0. This re-
lation together with the fact that T is a real matrix gives
tij=0 ∀i, j ∈ {1, 2, 3}. Hence T turns out to be a null mat-
rix when r11=r22=r33=0.
Case(ii): Any two of r11, r22, r33=0, say rjj=rkk=0 and
rii 6= 0 where i j, k ∈ {1, 2, 3} and i 6= j 6= k. This in turn
implies two of the three real eigen values of TtT are 0.
Hence, sum of product of eigen values(taking two at a
time) vanishes and also the product of all three eigen
values vanishes. These two conditions put restrictions
over row vectors(~αi or simply~αi(i = 1, 2, 3)) respectively
as follow:
3
∑
i,j=1
|~αi|2|~αj|2 =
3
∑
i,j=1
(~αi.~αj)
2, i 6= j (35)
and
Π3i=1|~αi|2−
3
∑
i,j,k=1
|~αk|2(~αi.~αj)2+ 2(~α1.~α2)(~α1.~α3)(~α2.~α3), i 6= j 6= k
(36)
Simplifying Eq.(35) we get:
3
∑
i,j=1
|~αi|2|~αj|2 sin2(θij) = 0, i 6= j (37)
where θij denotes the angle in between row vectors ~αi
and ~αj(i, j ∈ {1, 2, 3} and i 6= j). Sum of squares of real
quantities being 0, each of the term under summation
vanishes:
|~αi|2|~αj|2 sin2(θij) = 0, i 6= j and i, j ∈ {1, 2, 3}. (38)
The possible cases which arise from Eq.(38) are:
a: each of ~αi(i=1, 2, 3) is a zero vector Θ. In this case T
is a null matrix which is same as that in Case(i).
b: any two of row vectors, say~αi=~αj=Θ and~αk 6= 0(i 6=
j 6= k).
c: any one of the row vectors say ~αi=Θ. Then
θkj=nπ(k 6= j 6= i) which in turn implies that
~αj and ~αk are scalar multiple of each other, i.e.,
identical up to multiplicity.
d: none of~αi is Θ which in turn guarantees that all three
row vectors are scalar multiple of each other.
Combining all these possibilities we get that in Case(ii)
either T is a null matrix or is of rank 1. Hence, combin-
ing cases (i) and (ii) we can conclude that when ρ
′
AB, ob-
tained from the original state ρAB under application of
suitable local unitary operations, is a classical-quantum
state, the correlation tensor T of ρAB is either a null mat-
rix or is of rank 1.
Now if possible let there exists ρAB with correlation
tensor T of rank greater than 1 such that ρ
′
AB obtained
from it(ρAB) is a classical-quantum state. But it has
already been argued that ρ
′
AB is classical-quantum state
if and only if the correlation tensor R of ρ
′
AB satisfies
any of two cases(Case(i), Case(ii)) which in turn re-
stricts correlation tensor T to be either null matrix or
of rank 1. This contradicts our assumption that T is of
rank greater than 1. Hence ρ
′
AB, obtained from ρAB un-
der application of suitable local unitary operations is
classical-quantum state if and only if correlation tensor
T of original state ρAB is either a null matrix or is of
rank 1.
Now we are assuming that there exist suitable local
unitary operations which on application converts ρAB
to ρ
′
AB. This assumption in turn put further restrictions
over parameters of ρAB. Note from Table.I that for ρ
′
AB
9to be a classical quantum state, apart from correlation
tensor R, restrictions are imposed only on local Bloch
vector(~a) of party A while the Bloch vector(~b) of party
B remains unrestricted. Hence restrictions will be im-
posed on local Bloch vector ~m possessed by A for the
original state ρAB while that possessed by B(~n) will re-
main unrestricted. We next explore these restrictions.
Existence of local unitary operations: First we consider
Case(i): Here correlation tensor of ρ
′
AB is a null mat-
rix which restricts correlation tensor of ρAB to be a null
matrix(as discussed). Hence in this case identity opera-
tions suffice to be the local unitary operations over both
parties’ qubits. So no further restriction is imposed over
parameters of ρAB, i.e., both ~m and ~n remain unrestric-
ted.
Next we consider the other case, i.e, Case(ii) where the
diagonal correlation tensor of ρ
′
AB has only one non
zero entry say rkk 6= 0 and the local Bloch vector of
party A has only one non zero component(ak 6= 0).
Before starting analysis, we point out the fact that cor-
relation matrix T being a real matrix, TtT, TTt, R and all
the corresponding eigen vectors are real. So henceforth
we consider transpose in place of conjugate transpose.
Performing local unitary operations UA,UB(UA on A’s
qubit and UB on B’s qubit) on a state implies rotating
local Bloch vectors ~m and ~n(Eq.(1)) of A and B respect-
ively:
~m → ~a = QA~m (39)
~n →~b = QB~n (40)
T → R = QAT(QB)†, (41)
where QA,QB denote rotation matrices. Now for any
matrix there exists singular value decomposition(SVD).
Hence for correlation tensor T(Eq.(1)),
T = MΞN, (42)
where MM†=M†M=I3=NN
†=N†N and
Ξ=diag(ς1, ς2, ς3). M consists of left singular vectors
of T(i.e. eigen vectors of TTt) and N consists of right
singular vectors of T(i.e. eigen vectors of TtT). Clearly,
Eq.(41) represents the singular value decomposition of
correlation tensor T :
Ξ = R = diag(r11, r22, r33). (43)
where rii(i = 1, 2, 3) denote singular values of T(i.e.,
square roots of eigen values of TtT),
QA = M
† andQB = N
†. (44)
Now M consists of eigen vectors of TTt. Denoting eigen
vectors of TTt as~ei=(ei1, ei2, ei3)
t, we get:
Mt =


~et1
~et2
~et3


=


e11 e12 e13
e21 e22 e23
e31 e32 e33

 (45)
In Case(ii), for ρ
′
AB to be a classical-quantum state, local
Bloch vector ~a of state ρ
′
AB must have two zero com-
ponents, say ai=aj=0. Using that fact along with the
Eqs(39,45) we get:
~ei.~m = ~ej.~m = 0 and ~ek.~m = ak, i, j, k ∈ {1, 2, 3}, i 6= j 6= k.
(46)
If ak=0 then Eq.(46) implies that ~m must be Θ. Now
consider the other possibility: ak 6= 0. Then ~m 6= Θ.
Hence ~m is orthogonal to both ~ei and ~ej. Now each
of ~ei(i=1, 2, 3) and ~m ∈ R3. Also ~e1,~e2,~e3 being eigen
vectors of a 3 × 3 real symmetric matrix(TTt)are or-
thogonal to each other. Combining all these facts it
can be concluded that ~m||~ek, i.e., ~m is an eigen vector
of TTt. Now for the current case(Case(ii)), R has only
one non zero singular values, i.e., TTt has only one
non zero eigen value. So ~m is either an eigen vector
corresponding to eigen value 0 or an eigen vector
corresponding to the non zero eigen value. We deal
with both the cases. Before that we first introduce some
notations to be used henceforth.
• Let Γ=TTt be given by:
Γ =


~γ1
~γ2
~γ3

 =


|~α1|2 ~α1.~α2 ~α1.~α3
~α1.~α2 |~α2|2 ~α2.~α3
~α1.~α3 ~α2.~α3 |~α3|2

 (47)
where~αi(i = 1, 2, 3) are the row vectors of matrix
T(Eq.(1)).
• Whenever we mention i, j, k we mean
i, j, k∈{1, 2, 3} and i 6= j 6= k.
Subcase(i): We first consider the possibility that ~m is an
eigen vector of Γ corresponding to eigen value 0. Hence,
~γi.~m = 0 ∀i ∈ {1, 2, 3} (48)
As we are dealing with Case(ii) so for ρ
′
AB to be a
classical-quantum state, rank of matrix T must be 1.
This in turn gives rise to three possibilities:
Subsubcase(i): ~αi=~αj=Θ and ~αk 6= Θ. Then Γ(Eq.(47))
has only one non zero entry |~αk|2. Using this fact, from
Eq.(48), we get that kth component of ~m must be 0.
Hence in this case, if~αk is the only non zero row vector
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of T, suitable local unitary operations exist(via which
ρ
′
AB obtained from ρAB is classical-quantum state) if
local Bloch vector possessed by A for state ρAB has k
th
component 0.
Subsubcase(ii): Only one row vector, say~αi=Θ whereas
the other two are identical up to multiplicity: ~αj=p~αk.
Clearly |p|= |~αj||~αk| . This in turn modifies Γ which in turn
restricts components of ~m(via Eq.(48)) as follows:
pmj = −mk. (49)
Hence in this case, suitable local unitary operations ex-
ist if jth and kth components of ~m satisfy relation given
by Eq.(49).
Subsubcase(iii): All the row vectors are identical up
to multiplicity: ~α1=p12~α2, ~α1=p13~α3. Clearly |p12|= |~α1 ||~α2 |
and |p13|= |~α1||~α3| . These in turn restrict the rows of Γ. Con-
sequently, Eq.(48) implies that the components of ~m
should satisfy the following relation:
p13(p12m1 +m2) + p12m3 = 0 (50)
Subcase(ii): Next we first consider the possibility that
~m is an eigen vector of Γ corresponding to the non zero
eigen value(say ǫ). Hence,
Γ~m = ǫ~m (51)
Let ∆=Γ − ǫI3. Then matrix ∆ is explicitly given by:
∆ =


~δ1
~δ2
~δ3


=


−(|~α2|2 + |~α3|2) ~α1.~α2 ~α1.~α3
~α1.~α2 −(|~α3|2 + |~α1|2) ~α2.~α3
~α1.~α3 ~α2.~α3 −(|~α1|2 + |~α2|2)


(52)
Now as ~m is an eigen vector of Γ corresponding to ǫ, so:
~δi.~m = 0 ∀i ∈ {1, 2, 3} (53)
Again as in Subcase(ii), we have to consider three pos-
sibilities corresponding to three different ways of T mat-
rix(Eq.(1)) to be of rank 1. :
Subsubcase (i):~αi=~αj=Θ and~αk 6= Θ. This in turn mod-
ifies matrix ∆ and restrictions get imposed over ~m via
Eq.(53): ith and jth components of ~m should be 0.
Subsubcase(ii): Only one row vector, say~αi=Θ whereas
the other two are identical up to multiplicity: ~αj=p~αk.
Considering the modified form of ∆, Eq.(53) implies
that components of ~m must satisfy:
mj = pmk. (54)
Subsubcase(iii): All the row vectors are identical up to
multiplicity: ~α1=p12~α2, ~α1=p13~α3. Under this assump-
tion Eq.(53) restricts the components of ~m as follows:
m1 : m2 : m3 = p13p12 : p13 : p12. (55)
This ends our analysis.
Clearly we have considered all the possibilities for
which suitable local unitary operations exist, which on
application over ρAB, gives classical-quantum state ρ
′
AB.
Consideration of all the possibilities related to existence
of suitable local unitary operations provide with neces-
sary and sufficient conditions to be imposed on ~m(~n
may be arbitrary owing to the fact the corresponding
local Bloch vector~b of ρ
′
AB remains unrestricted for ρ
′
AB
to be a classical-quantum state). In totality, considering
all possible cases, we get Theorem.1. 
Proof of Theorem.2: It can be proved following a similar
sort of argument as that in Theorem.1. To be precise,
the if and only if restrictions imposed over correlation
tensor T of ρAB and over local Bloch vector ~b(of ρ
′
AB)
come out in exactly the same manner as in Theorem.1.
For deriving the restrictions to be imposed over Bloch
vector ~n(here ~m remains unrestricted as the correspond-
ing Bloch vector~a of ρ
′
AB remains unrestricted), we have
to consider the matrix N which consists of right singu-
lar vectors of T, i.e., eigen vectors of TtT. Consequently
in place of Γ=TTt we need to consider Ω=TtT:
Ω =


|~β1|2 ~β1.~β2 ~β1.~β3
~β1.~β2 |~β2|2 ~β2.~β3
~β1.~β3 ~β2.~β3 |~β3|2

 (56)
where ~βi(i=1, 2, 3) denote the column vectors of T. Also
instead of ∆ we have to consider Λ :
Λ =


−(|~β2|2 + |~β3|2) ~β1.~β2 ~β1.~β3
~β1.~β2 −(|~β3|2 + |~β1|2) ~β2.~β3
~β1.~β3 ~β2.~β3 −(|~β1|2 + |~β2|2)

 .
(57)
Then following the same pattern of argument we get
criteria prescribed in Theorem.2.
VII. APPENDIX
Below we enlist all possible forms of classical-
quantum and quantum-classical states.
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Row vectors of T Local Bloch vector ~m
~αi=Θ, ∀ i ~m is arbitrary
~αi=~αj=Θ,~αk 6= Θ Either mk=0 or mi=mj=0
~αi=Θ and~αj=p~αk where |p|= |~αj||~αk| Either mj=pmk or pmj=−mk
~α1=p12~α2,~α1=p13~α3 ~m must satisfy p13(p12m1 +m2) + p12m3=0
where |p12|= |~α1||~α2| and |p13|=
|~α1|
|~α3| or m1 : m2 : m3=p13p12 : p13 : p12
Table II: Possible forms of correlation tensor T in terms of its row vectors~αi and local Bloch vector ~m for which
ρAB(Eq.(1)) is classical-quantum state. Local Bloch vector ~n remains arbitrary. As already mentioned before in
Appendix.I, here i 6= j 6= k ∈ {1, 2, 3}.
Row vectors of T Local Bloch vector ~n
~βi=Θ, ∀ i ~n is arbitrary
~βi=~βj=Θ, ~βk 6= Θ Either nk=0 or ni=nj=0
~βi=Θ and ~βj=s~βk where |s|= |
~β j |
|~βk|
Either nj=snk or snj=−nk
~β1=s12~β2, ~β1=s13~β3 ~n must satisfy s13(s12n1 + n2) + s12n3=0
where |s12|= |
~β1|
|~β2 |
and |s13|= |
~β1|
|~β3 |
or n1 : n2 : n3=s13s12 : s13 : s12
Table III: Possible forms of correlation tensor T in terms of its column vectors ~βi and local Bloch vector ~n for which
ρAB(Eq.(1)) is quantum-classical state. Local Bloch vector ~m remains arbitrary.
